We have analysed the bound states in a primary one-dimensional -function potential perturbed by a -function potential at a di erent point, in terms of the poles of the scattering amplitude. The singularities of the pole positions correspond to the crossing of the poles, and allow us to determine the domains of convergence of the perturbation series. We have obtained the ÿrst few terms in the perturbation series for the two bound states.
Introduction
The double -function potential in one dimension, is one of the very few two-centre potentials for which one has nearly explicit solutions. As such, it has often been used as a prototype of diatomic molecular potentials. It was quite some time ago that Frost [1] used this potential to describe a heteronuclear one-electron molecule. While the model is limited in its ability to describe the detailed molecular properties, it does contain some qualitative properties of the realistic problem. It has also been considered [2] in the investigation of the convergence of the perturbation series in the asymptotic domain, for large separation. Ushveridze [3] has observed that this potential has the interesting property of cube-root-type branch points and triple crossing. More recently, Scott et al. [4] have considered the convergence of the perturbation series for the twocentre potential in terms of the one-centre potential perturbed by the potential at the second centre. However, one still does not have a satisfactory understanding of several pertinent points. For example, how many bound states does one have for a given set of parameters, what are the perturbation series for their energies, what are the domains of convergence for these series, what properties determine these domains, etc. We attempt to answer some of these questions.
We ÿrst reduce the problem of the general double -function potential to one with unit separation between the positions of the two -functions, by using scale transformations. We analyse the poles of the scattering amplitude, which are related to the bound states. In terms of the crossing of the di erent pairs of these poles, and the singularities of the pole positions, we deduce the domains of the convergence of the series. We also present the ÿrst few terms in the perturbation series for the two bound states and end with some concluding remarks.
Scaling relation
The Schr odinger equation for the double -function potential in one dimension is
Multiplying the equation by , and making a change in the variable x,
we get In the following discussion, we will consider the case for˝2=m = 2 and a = 1,
and use the scaling relation in Eq. (2.6) to deduce the energies for arbitrary values of m and a.
Bound states as poles
It is instructive to analyse the bound states and resonances as poles of the scattering amplitude. For locating the positions of these poles, consider the equation
The Green's function G 0 (x; x ) for the free particle satisÿes the equation
and is given by
3)
The solution to Eq. (3.1) is then given by Now, the bound states and resonances correspond to the poles of the scattering amplitude, or in the present case, poles of (1), (−1). These are given by the zeros of the determinant of the coe cients of (1) and (−1) in Eq. (3.5)
We multiply Eq. (3.6) by (2ip) 2 , and deÿne
to get
However, the poles at z = 0 should be considered in terms of Eq. (3.6) and taking into account the factor of (1=2ip) in Eq. (3.4).
For a given set of values for g 1 and g 2 , there are an inÿnite number of solutions to Eq. (3.8) and hence an inÿnite number of poles in the scattering amplitude. Some of the poles are easily located.
Case 1: Either g 1 or g 2 is much larger than the other. Then from Eq. (3.8) one obtains
For real positive values of g ¿ , the poles are at positive imaginary values of p, and hence correspond to bound states. The values obtained from Eq. (3.9) are close to the perturbative values from the perturbation series in g ¡ , to be deduced later. Case 2: z = x + iy, |y||x|, and x is large negative. We obtain from Eq. (3.8)
which leads to
This corresponds to a series of poles at values of 2p with real part close to −(n + 1 2 ) . A particularly interesting question is the number of bound states for given real values of g 1 and g 2 . These correspond to positive real solutions for z in Eq. (3.8), or positive imaginary solutions for p:
¿ 0 for g 1 ; g 2 real positive : (3.12) Therefore, d 2 f=dz 2 is monotonically increasing and has at most one zero. This implies that df=dz has at most one extremum and therefore at most two zeros. Therefore, f(z) has at most two extremum points and hence at most three zeros. However, the zero of f(z) at z = 0 is due to our multiplying Eq. (3.6) by z 2 to get Eq. (3.8) and does not correspond to a solution of Eq. (3.6). Therefore, there are at most two solutions to Eq. (3.6), and hence at most two bound states for g 1 , g 2 real and positive.
For ÿnding the values of g 1 and g 2 at which bound states appear, we consider a set of values of g 1 and g 2 at which a bound state has just appeared, i.e. f(z) is zero for a small value of z. Expanding f(z) about z = 0, we get
If this is equal to zero for a small value of z, then (2g 1 g 2 − g 1 − g 2 ) = 0. Therefore, a bound state appears at
Since for g 1 ¿ 1 2 we have one bound state at g 2 = 0, the second bound state appears at g 2 = g 1 =(2g 1 − 1)¿0 so that
Finally, for g 1 ¡0, there are zero bound states at g 2 = 0, and one bound state appears at g 2 = g 1 =(2g 1 − 1)¿0:
The number of bound states for di erent sets of values of g 1 ; g 2 are shown in Fig. 1 . We have also considered the movement of the poles as a function of g 1 and g 2 . This movement which leads to crossing of the poles for some values of g 1 and g 2 , is very important in determining the domain of convergence of the perturbation series for the bound-state energies. In particular, we have plotted in Figs. 2, 3, 4 , the movement of the poles in the (2p)-plane, for g 1 = 1:0, and Im g 2 = 0; 0:9; 4:5484, as functions of Re g 2 . For Im g 2 = 0, the poles on the positive imaginary axis correspond to bound states, and the other poles to resonances. Thus for g 1 = 1:0, Im g 2 = 0 and Re g 2 ¡1, it is seen from Fig. 2 that there is only one bound state but for Re g 2 ¿1 one has two bound states. Also for Im g 2 = 0:909, Im g 2 = 4:5484, there is a crossing over of the pole trajectories. These cross-over points are important in the determination of domains of convergence.
Singularities of pole positions
A point of major interest is the domain of convergence of the perturbation series for the energy or equivalently, for z deÿned in Eq. (3.7) as equal to −2ip, in powers which on using Eq. (3.8) leads to
Combining Eqs. (3.8) and (4.2), one has
We solve for z, and substitute in Eq. (4.2) to get
(4.4) Solutions for g 2 will then give the positions of the singularities of z(g 2 ). It may be observed that g 1 + g 2 = 2g 1 g 2 for which z = 0, is not a true singular point since for Solving this equation iteratively, we obtain
Case 2. 0¡g 1 1; |g 2 |1. Then, using Eq. (4.4), one gets
which on iteration leads to at which the pole position is singular. These are the two nearest singular points For other domains, we have numerically solved the equations in Appendix A, and the positions of the two nearest singularities are given in Table 1 . The usefulness of the approximate solutions can be gauged from the predictions by Eqs. 
Perturbation series
Having located the singularities of the pole positions, we are now in a position to develop the perturbation series for the energies and to determine the domains of convergence of the series.
For the ground-state energy in the region g 1 ¿0, we substitute
into Eq. (3.8) and equate the coe cients of the same powers of g 2 . This leads to a 0 = g 1 ; (5.2) We have also given the coe cients a i ; i = 5; 6; 7; 8, in terms of the preceding coecients, in Appendix B. The ÿrst set of values of g 2 in Table 1 correspond to the crossing of the ground-state pole with another pole. Therefore, the corresponding values of |g 2 | give the range of convergence of the series. For example, for g 1 = 1; g 2 = 1:1543 ± 0:9092i, and |g 2 | = 1:4694, the series converges for real g 2 ; |g 2 |¡1:4694. For g 2 = 1:4, the ÿrst ten terms in the series give the value p = i 2 z = 0:756i, whereas the numerical solution to Eq. (3.8) gives 0.763i. Of course, the series converges rapidly for g 2 6g 1 . It is interesting to observe that the signs of the coe cients keep on changing as the order increases.
It is more di cult to obtain the perturbation series for the second bound state. As shown in Section 3, the second bound state exists only for g 1 ¿ 1 2 and g 2 ¿g 1 =(2g 1 −1). Therefore we consider the position of the pole for
and consider the perturbation series for z in Eq. (3.8), as a power series in u. Eq. (3.8) can be written as The expansion coe cients can then be determined by equating terms of the same order in u. We give the ÿrst four coe cients:
even for g 2 ¿g 1 , e.g. for g 1 = 0:01, the series in g 2 converges for |g 2 |¡ 1:423, i.e. even when the coe cient of the perturbing potential is much larger than the coe cient of the primary potential. We have given the ÿrst eight terms in the perturbation series for the ground-state energy. The second bound state appears for We have obtained the ÿrst four terms of the perturbation series for the second bound state in powers of u = g 2 − g 1 = (2g 1 − 1) . Since both the singularities in Table 1 correspond to crossing of the pole corresponding to the second bound state, the domain of convergence of the perturbation series in powers of u is given by condition in Eq. (5.19) where g sing 2 corresponds to either of the two singularities in Table 1 . It would be very interesting and challenging to extend these considerations to other potentials, and to two-centre potentials in two and three dimensions.
